On Weitzenbock Curvature Operators 

Mohammed-Larbi Labbi 
Abstract 

The Weitzenbock curvature operators are the curvature terms of 
order zero that appear in the well known classical Weitzenbock formula. 
In this paper, we use the formalism of double forms to prove a simple 
formula for this operators and to study their geometric properties. 
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1 Introduction 

The Weitzenbock curvature operator, denoted throughout this paper by M, 
is the curvature term of order zero (i.e. depends linearly on the Riemann 
curvature tensor) that appears in the well known classical Weitzenbock for- 
mula. The former expresses the Laplacian A of differential forms in terms 
of the Levi-Civita connexion V, precisely we have: 

A = V*V + AA. 

This formula is particularly important in the study of interactions between 
the geometry and topology of manifolds. In fact, there exists a method, due 
to Bochner and known as vanishing theorems, consisting of proving the van- 
ishing of Betti numbers of a Riemannian manifold with a positive curvature 
condition stronger than the positivity of N . This method mainly applies to 
compact manifolds. 

For each p, the curvature operator J\f preserves p-forms and it is self-adjoint. 
Therefore, by duality, we can consider it as a double form. 
The main obstacle with M is that it is actually a complicated expression of 
the curvature. Several simplifications of such expression exist in the liter- 
ature. For instance, the Clifford formalism of Lawson-Michelsohn ^Hj, see 



also 0, the works of Gallot-Meyer Maillot [TT], Bourguignon [I] ... 
In this paper, using the formalism of double forms, we prove a simple for- 
mula for Af and then we use it to study some geometric properties of this 
curvature. This formula was first established by Bourguignon, see proposi- 
tion 8.6 in pp. Unfortunately, up to my knowledge, this nice formula is not 
well known and it is not used even though the paper is very famous!. 
From my side, I noticed the existence of this formula only once my proof 
was finished. However our proof is completely different. It is of algebraic 
nature and direct. 



2 Double Forms 

Let (V,g) be an Euclidean real vector space of dimension n. In the following 
we shall identify whenever convenient (via their Euclidean structures), the 
vector spaces with their duals. Let AV = © p > A p y denotes the exterior 
algebra of p- vectors on V. 

A double form on V of degree (p, q) can be defined as a bilinear form A P V x 
A q V — > R. That is a multilinear form which is skew symmetric in the first 
p-arguments and also in the last ^-arguments. If p = q and the bilinear form 
is symmetric we say that we have a symmetric double form. 
Double forms are abundant in geometry. The Riemann curvature tensor and 
the Weyl curvature tensor are symmetric double forms of order (2,2). The 
metric, Ricci, Einstein, and Schouten tensors are symmetric double forms of 
degree (1,1). Gauss-Kronecker tensors ^Hj and the Weitzenbock curvatures 
(see the next section) are examples of symmetric double forms of higher 
order. 

The exterior product between p-vectors extends in a natural way to double 
forms of any degree and we obtain the so called Kulkarni-Nomizu product. 
For a (p, q)-double form ui\ and an (r, s)-double form u>2, the product u}\<jJ% 
is a double form of degree (p + r, q + s) given by 

cji.w 2 (xi A ... A x p+r ,y 1 A ... A y q+s ) 

= 7J^W e(a)e(p)u Jl (x ail) A...Ax (Tip) ,y pil) A...Ay piq) ) 

U2(x a (p+i) A ... A x CT ( p+r ) , y p ( q+ i) A ... Ay p ( 9+S )) 

(1) 
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In particular , the product of the inner product g with itself fc-times deter- 
mines the canonical scalar product on A P V. Precisely we have 

g k (x 1 A ... Ax fc ,yi A ... Ay k ) = k\det[g(xi,yj)]. 

Let us denote by S 2 A P V the set of all the symmetric double forms of order 
(p,p) on V and let S 2 AV = 0p~JJ S 2 A p y. Recall that it is a commutative 
algebra. 

2.1 The multiplication map by g k and the contraction map 

The multiplication map by the powers of the metric, that is g k , in S 2 A P V 
plays an important role in the study of double forms. In [2] we proved the 
following fundamental property of this map: 

Proposition 2.1 (|9j) Let uji,u>2 be two (p,p)- double forms andk < n — 2p, 
then 

g k u)l = g k io 2 => = u 2 . (2) 

Note here for future reference that, for each p, the natural scalar prod- 
uct on A P V induces canonically a natural scalar product on S 2 A P V, we 
shall denote it by (,). We extend (,) to 0^ S 2 A P V by declaring that 
S 2 A p V ± S 2 AW \ip + q. 

A second fundamental map on double forms is the contraction map c. It 
decreases the order of a double form by 1 and it is the adjoint of the multi- 
plication map by g, precisely we have. 

Proposition 2.2 (|9j) For arbitrary double forms Ui, U2 we have 

{gui,u 2 ) = (uji,cu 2 ). (3) 

In particular, for every k > 1, we have (g k LOi,u) 2 ) = (tui,c k LU 2 ). Where c k 
denotes the composition of the contraction map c with itself k-times. 

2.2 The first Bianchi identity and sectional curvatures 

We say that a double form u of degree (p, q), with q > 1, satisfies the first 
Bianchi identity if for all vectors (xj), (yj) we have 

P+i 

^(-l) J 'u;(xi A ... A xj A ...x p+ i,Xj A y 1 A ... A y q -x) = 0, 
i=i 
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where * denotes omission. Note that this identity is preserved by multipli- 
cation of double forms. Let us then denote by S 2 (AV) the sub-algebra of 
S 2 (AV) consisting of all symmetric double forms satisfying the first Bianchi 
identity. This space is not irreducible under the natural action of the or- 
thogonal group. In fact, Kulkarni |3| proved that the full reduction into 
irreducible components is given by 

S 2 {A P V) = E P ® gE{- 1 © g 2 E{- 2 © ... © g p E° 1 . (4) 

Where, for each < k < p, E\ = {uj G S 2 (A k V) : cuj = 0}. 
Another important property of double forms satisfying the first Bianchi 
identity is that they are determined by their sectional curvatures. Recall 
that the sectional curvature of a given symmetric (p,p)-double form w is a 
function, say K^, defined on the Grassman algebra of p-planes in V. For a 
p-plane P, we set 

K U {P) = u(ei A ... A e p , ei A ... A e p ), 

where {ei, e p } is any orthonormal basis of P. We have the following char- 
acterization of symmetric double forms satisfying the first Bianchi identity 
and with constant sectional curvature 0: 

gP 

= c is constant if and only if uj = c— . (5) 

p\ 

For a symmetric (r, r)-double form lu and every p, < p < n — r, we can 
use formula (JJ) to evaluate the sectional curvature of the products g p co, this 
will be used later in this paper. Let {e±, ...,e p+r } be orthonormal vectors, 
then 

g p oj{e\ A ... A e p+r , e% A ... A e p+r ) 
=p\ uj{e h A ... Ae ir ,e h A ... Ae ir ). ( 6 ) 

l<«l<i2<...<ir<P+»' 

2.3 Generalized Hodge star operator 

We suppose here that an orientation is fixed on the vector space V. The 
classical Hodge star operator * : A P V — > A n ~ p V can be extended in a natural 
way to double forms. For a double form uj, set *u>(.,.) = u>(*.,*.). Many 
classical properties can be generalized to the case of this new operator, see 
0. The generalized Hodge star operator was shown to be an important 
tool in the study of double forms. In particular, it provides a second simple 
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relation between the contraction map c and the multiplication map by g, as 
follows: 

Proposition 2.3 (|9j) For every (p, p) -double form uj, we have 

gu> = *c * uj. (7) 
In particular, for every k > 1, we have g k u> = *c k * uj. 

3 Weitzenbock Operators 

3.1 Clifford multiplication of p- vectors 

Let e G V, recall that the interior product i e on AV is the adjoint of the 
exterior multiplication map by e. We define the Clifford multiplication of 
two p-vectors, denoted by a dot, as follows: For e € V and uj G Ay, set 

e.u = e A uj — i e uj. 

In particular, for e, / € V we have e.f = e A / — g(e, /). 

Assuming this product to be associative, we can define the products ej p 

for all p and ei k G V. Then using linearity, we can extend it to a product 
on AT^: the Clifford product. 

It is not difficult to check that we can recover the exterior product as: 

e h A ... A e ip = — ^ e{a)e a(il) A e a{ip y (8) 

3.2 Definition of Weitzenbock operators 

For (j) G A 2 V, we define the linear operator ad^ on AV by 

ad^tp) = [4>,ifj] = 4>.ijj - ip.cj). 

In particular, a straightforward computation shows that for orthonormal 
vectors {e^} we have 

ad e e _ f if G {h, ...,i p } or z,j ^ {it, ...,i p } 

ei ' ej n lp \ 2ej.ej.ejj e^ , otherwise. 

(9) 



5 



Let now w be a symmetric (2, 2)-double form. We define the Weitzenbock 
transformation of order p at uj to be the symmetric (p, p)-double form J\T p (uj) 
defined as follows, see [TU1 151 H| . 

Af P (w)(i>i,ifa) = -7 ^2 ^(ei f\ej,e k f\ei)(ad ei .e j i>i,ade k .e l , 4>2)- (10) 

i<j,k<l 

Where (ei, e n ) denotes an arbitrary orthonormal basis of V. 

This definition is of course motivated by the curvature term in the Weitzenbock 

formula. Note that M p is a linear operator. 



3.3 Sectional curvatures of Weitzenbock 

Let P be a p-plane in V spanned by orthonormal vectors {e±, ...,e p }. A 
direct computation using formula © shows that 

M p {ui){e\ A ... A e p , e% A ... A e p ) 

. V n 

= j ^2^2 w ( ei A e J' efc A ei)(-iy +1 (2e j .ei...ei...e p ,ad ek . ei e 1 ...e p ) 

k<l i=l j=p+l 



-y P n 

-^2 w ( ei Ae i' ei Aej)(2ej.ei...ei...ep,2ej.ei...ei...e p ) 



i=l j=p+i 

p n 

= ^ ^ w(ej Aej,ej Aej). 
i=i j=p+i 

(11) 

Now using Q we get for p > 2: 

P n p ( p 

^ o;(ej A ej,ej A ej) = ^ < cw(ei,ei) - ^ w(ej A ej,ej A ej) 

j=l j=p+l i=l I i,j=l 

5 P-1 ^P-2 

= I lTW ^ " 2 ( p -2)! ^ (ei A '"' A 6p ' 61 A '"' A 6p) ' 

(12) 

We conclude that the two double forms Af p and { (p-i)i CUJ ~ 2 ^^y. 10 } have 
the same sectional curvatures for every 2 < p < n — 2. It is then natural to 
expect the equality of these two double forms. This is in fact true and shall 
be proved in the section below. 
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3.4 A simple formula for the Weitzenbock Transformation 

In the proposition below, we prove a simple formula for the transformation 
M. 

Theorem 3.1 Let u be a symmetric (2,2)-double form satisfying the first 
Bianchi identity, then for every 2 < p < n — 2, the Weitzenbock transfor- 
mation of order p is determined by 

Proof. We shall prove the equality by evaluating both terms of the equation 
on decomposed p-vectors. Let {e\, e n } be an arbitrary orthonormal basis 
of V and p > 1. Let ej = A ... A ei p and ej = A ... A e Jp be two arbitrary 
elements of the standard basis of A P V. 

First, it is straightforward from formulas Q and (|10|) that if card(I fl J) < 
p — 3 then 

A/»(e/, ej ) = j^- - 2^} j^^fa, ^) = °- 

Next, suppose card(7 fl J) = p — 2. Without loss of generality, we may 
re-index as follows: ej = e\ A ... A e p and ej = e\ A ... A e p _2 A e p+ \ A e p+ 2- 
Let // = fi A ... A f p = ej, where 

fj = ej if j < p - 1 
fp-i = e p +i and f p = e p+ 2 

Let u>i = ( p l 2 )\ i (p-i) ~ then using formula Q for the product, the 
right hand side of equation (|13jl is given by: 

g p ~V(e/,ej)= e(cr)e(p)o;i(e (7 ( 1 ) Ae, (2) J p(1 ) A/ p(2) ) 

cr,pG57i(2,p-2) 

5 P ~ 2 (e CT (3) A ... A e a(p) ,f p ( 3) A ... A / p(p) ). 

(14) 

Where <7 € Sh(2,p) means a permutation of {1, such that <r(l) < cr(2) 
and cr(3) < ... < a(p). 

Remark that the only permutations which yield non zero terms in the pre- 
vious summation are 



a = p 



1 2 3 ... p 
p — 1 p 1 ... p — 2 
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Since e(cr) = e(p) = 1 we get 



g p 2 wi(e/,ej) = (p - 2)!^i(e p _i Ae p ,e p+ i A e p+2 ) 
= -2w(e p _i A e p , e p+ i A e p+2 ). 



On the other hand, using © we have 



p n 



4M p (u})(e I ,ej) = Yl ^(ei Ae^efc Ae;)(-l) J 



k<l i=l j=p+l 



(2ej.ei...ei....e p ,ad ek . ei ei e p - 2 e p+ ie p+ 2) ■ 

(15) 



Note that the terms with i < p—2 vanish. For i = p — 1 (resp. for i = p) , the 
only non zero terms are those corresponding to k = p, I = p + 1, j = p + 2 
or k = p, I = p + 2, j = p + 1 (resp. k = p — 1,1 = p + l,j = p + 2 or 
k = p — 1,1 = p + 2, j = p + 1). Therefore the previous summation reduces 
to 

&N p (u))(ei, ej) = 8w(e p _i A e p+2 , e p A e p+ i) - 8w(e p _i A e p+ i, e p A e p+2 ) 



Where in the last equality we have used the the first Bianchi identity. 
We now study the next case where card (In J) = p—1. Here also without loss 
of generality we may assume ei = e\ A ... A e p and ej = e± A ... A e p _i A e p+ \. 
Let // = A A ... A f p = ej, where 



The product g p 2 (Ji(e/, ej) has the form ()14j) . In this case, the only permu- 
tations which yield non zero terms are the following: 



8w(e p _i A e p , e p+ 2 A e p+ i). 



(16) 




fj = ej if j < p 




1 2 3 
k p 1 




S 



where k ranges from 1 to p — 1. Therefore we immediately obtain 

p-i 

# p ~ 2 u;i(e/,ej) = (p - 2)! ^ u x (e k A e p , e k A e p+1 ) 



k=l 

= S _ ccj(e p , e p +i) - 2w(e fc A e p , e fc A e p+ i) > (17) 
p-i 

= cw(e p ,e p+ i) - 2^w(e fc A e p ,e k A e p+ i). 
fe=l 

We now evaluate the right hand term on the same p- vectors. Recall that 
Af p (co)(ej,ej) can be written as a summation as in (|15|) . In this summation 
and for i < p — 1 (resp. for % = p), the only non zero terms are those 
corresponding to k = i, I = p, j = p + 1 (resp. k = p + 1, 1 = j). Therefore 
we can write 

p— 1 n 

47V p (o;)(e/,ej) = -4^w(ei A e p+ i,ej A e p ) + 4 ^ u>(e, A 

i=l j'=p+l 
p-1 

= 4cw(e p ,e p+ i) - 8^a;(ej A e p+ i, e» A e p ). 
i=l 

(18) 

Finally, In the case where card(/ PI J) = p, then I = J. This case was 
already discussed in the previous section (that is the two double forms have 
the same sectional curvatures). This completes the proof of the theorem. ■ 

As a consequence of the previous theorem, the Weitzenbock transformation 
preserves the first Bianchi identity. That is, it sends symmetric (2, 2)-double 
forms satisfying the first Bianchi identity to symmetric (p,p)-double forms 
satisfying the first Bianchi identity. Furthermore we have: 

Corollary 3.2 For every 2 < p < n the Weitzenbock linear transformation 

N p : Sl(A 2 V) -► Sl(A p V) 
is injective. Furthermore, its adjoint operator is given by 

Proof. The first claim results directly from the previous theorem and 
proposition 12.11 The second claim is a direct consequence of proposition 

o ■ 
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4 Geometric Properties 



In this section, Let uj be a fixed symmetric (2, 2)-double form satisfying 
the first Bianchi identity on an n-dimensional vector space V (keeping in 
mind the typical example of the Riemann curvature tensor of a Riemannian 
n-manifold at a given point). In order to simplify the notations we shall 
denote by M p the double form N p (uj). 

The following result can be proved easily using the previous theorem after 
noticing that both double forms satisfy the first Bianchi identity and they 
have the same sectional curvatures (see formula : 

Proposition 4.1 For each p such that 2 < p < n — 2, we have 

*M p = M n - p . (19) 

In particular, if n = 2p then *N P = Af p . 

It is clear from the previous theorem that the double form M p is divisible 
by g p ~ 2 and hence its orthogonal decomposition is reduced as follows: 

Proposition 4.2 With respect to the irreducible orthogonal decomposition 
O), if a; = u>2 + goJ\ + g 2 u>o, then the double form M p , 2 < p < n — 2, splits 
as follows: 

Let now oj = R be the Riemann curvature tensor of a given Riemannian 
manifold. Recall that the sectional curvature of Weitzenbock is given by 
(Jllj) with oj = R, that is a generalization of the Ricci curvature. Also, a 
double form of order (p,p) and satisfying the first Bianchi identity is with 
constant sectional curvature if and only if it is proportional to the metric 
g p . The following corollary is therefore a straightforward consequence of the 
previous proposition. 

Corollary 4.3 For 2 < p < n — 2, a Riemannian manifold (M,g) of di- 
mension n has its Weitzenbock sectional curvature of order p constant if and 
only if it is either with constant sectional curvature or conformally flat with 
dimension n = 2p. 

Let us note here that the previous corollary was first proved by Tachibana 
in [T5|. Where the sectional curvature of Weitzenbock is called the mean 
curvature of a p-plane. 
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We now go back to the general situation where oj is any algebraic (p,p)- 
double form. Using formula (12) in [5] and the previous proposition, a long 
but straightforward computation shows that: 

Theorem 4.4 For every 2 < p < n — 2, the contractions of the double form 
M p up to the order p and p — 1 are respectively given by 

p(n — 2)! 2 

Furthermore, for any k < p — 2, the contraction up to the order k is given 
by 

k ,. rs {n-p+ k-2)\gP- k - 2 . o n-k-p-l 
° W = {n-p-2)\{p-k-2)\ { - 2uJ + {n-p-l){p-k-l) 9CU) 

k -2 2 



A I 1 

5 c w}. 



(n — p — 1) {p — k — 1) (p — k) 

(21) 

Remark. Let E = \c 2 iog — cu> be the Einstein curvature tensor of uj, then 
the second formula in l|20|) may be written in the following alternative form: 

Proof. Let k < p — 2, then using formulas (|5)). (|19|) we get 



c k {N p ) = *g k * (Af p ) = *g k N n - 



p 



1 \ g n -P- 2+k 

-cuo.g — 2u))- 



n—p—1 (n — p — 2)! 

A direct application of formula (15) in |5| shows then that 

k (n-p-l + fe)! gv- k - 1 (n-p-l + fc)! g"~ k 2 

° {J p) (n-p-l)\ ( p -k-l)\ CUJ+ (n- p -l)\ ( p -k)} CUJ 

{n-p-2 + k)\ g P- k ~ 2 (n- p -2 + k)\ gP-^ 1 

~ 2 (ra-p-2)! (p-k-2)}^ + 2 (n-p -2)1 (p-jfc-l)! ^ 



(n-p-2 + A:)! g p ~ k 



■c 2 oj. 



(n-p-2)! (p-fc)! 

Note that for k = p (resp. k = p — 1) the first, third and fourth terms should 
be dropped from the previous summation (resp. the third term). A direct 
computation then yields the desired results. ■ 
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5 Positivity of the Weitzenbock curvatures 



Let now u = R be the curvature tensor of a Riemannian manifold and N p 
be the corresponding Weitzenbock double form. 

The positivity of Af p is clearly very important in the study of the interactions 
between the geometry and topology of manifolds. Therefore it is particularly 
interesting to understand this condition and to relate it to the positivity of 
the other well known curvatures. 

The case p = 1 (and by duality p = n — 1) is well known since M\ coincides 
with the Ricci curvature, so we suppose 2 < p < n — 2. 
Needless to say at this stage that the positivity of M p is strictly stronger 
than the positivity of its sectional curvature (likewise the positivity of the 
Riemann curvature operator and of its sectional curvature). We already 
know that the positivity of the Riemann curvature operator implies the one 
of M p for every p. This is a theorem of Meyer [2] , see |1U| for a simplified 
proof of this result. 

On the other side, it is clear from equation (|2Uj) that the positivity of M p 
implies the positivity of the scalar curvature. Consequently, the positiv- 
ity of the Weitzenbock curvatures are intermediate between positive scalar 
curvature and positive curvature operator. 

The following proposition is a direct consequence of formulas (|20|) . (|2Tj) and 
(ED): 

Proposition 5.1 For each p with < p < n — 1, a Riemannian n-manifold 
with positive scalar curvature has its contracted Weitzenbock curvature up 
to the order p, that is c p {M p ), positive. 

Furthermore, in each of the following cases the contracted curvature c p ~ 1 (Af p ) 
is positive: 

1. If n = 2p + 2 and (M,g) has positive scalar curvature. 

2. If n < 2p + 2 and (M, g) has positive Einstein curvature. 

3. If n > 2p + 2 and (M, g) has positive Ricci curvature. 

In what follows, we investigate the relation to the positivity of the p-curvature 
[U • Recall that the p-curvature s p of the Riemann curvature tensor R is 

defined to be the sectional curvature of the tensor * ^ ( ra _p_ 2 )i ff n ~ P ~ 2 ^) ■ 
It is clear that the p-curvature appears naturally in the formula ()13|) for Af p 
but it contributes with a negative sign!. The influence of the positivity of the 
p-curvature on the positivity of N p becomes clear in the following formula: 
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Proposition 5.2 For every 2 < p < n — 2 such that n + p is even we have 



(23) 

Where C(n, p) = , r ,.„_A, 2 ^ p 2 ^\, and W is the double form associated 

to the standard weyl curvature tensor. 

PROOF. Let R = t02 + 9&i + g 2 wo be the standard decomposition of the 
Riemann curvature tensor, where 0J2 = W. Applying formula (20) in we 
obtain 

g n ~ p ~ 2 R g p ~ 2 ( n—p—1 (n — p)(n — p— 1) 2 
\n-p-2)\ = J^2j. r 2 ~ -p-^T 9 " 1 + KP 3 !) ^ W ° 

Inserting this in the right hand side of the desired equation one can easily 
reach to the left hand side. ■ 
As a direct consequence of the previous formula we get an alternative proof 
of our result in [3] on the vanishing of betti numbers around the middle 
dimension for conformally flat manifolds (W = 0) with positive p-curvature. 
Finally, taking into consideration the existing similarity between positive 
isotropic curvature and positive p-curvature, see (01 El, the previous propo- 
sition may help in answering the following question: 



For a compact n-dimensional Riemannian manifold, does positive isotropic 
curvature imply the vanishing of the betti numbers hi for 2 < i < n — 2? 

With reference to the previous proposition, a positive answer to the question 
above would be possible if one can prove that the positivity of isotropic 
curvature implies the positivity of the operator 

„/ PiP- 1 ) g n- P -2 R) _ (n~l)(n-2) 
*\ n - p - 2 )l 9 1 (p-2)! 9 ' 

for all < p < n — 4. 
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